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Abstract: Recently it has been shown that the wave equations of bosonic higher 
spin fields in the BTZ background can be solved exactly. In this work we extend this 
analysis to fermionic higher spin fields. We solve the wave equations for arbitrary 
half-integer spin fields in the BTZ black hole background and obtain exact expressions 
for their quasinormal modes. These quasinormal modes are shown to agree precisely 
with the poles of the corresponding two point function in the dual conformal field 
theory as predicted by the AdS/CFT correspondence. We also obtain an expression 
for the 1-loop determinant in terms of the quasinormal modes and show it agrees 
with that obtained by integrating the heat kernel found by group theoretic methods. 
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1. Introduction 

Studying the behaviour of various fields in black hole backgrounds have always re- 
vealed useful information of the nature of black holes. Solving the equation of motion 
of various fields in the black hole background is usually the first step in understand- 
ing properties like Hawking radiation and quasinormal modes of the black hole. In 
most situations the equations of motion are solvable only numerically or in some 
limits. The BTZ black hole is a rare example of a black hole background in which 
the equations of motion of all integer spins are solvable in closed form |I| . in terms of 
hypergeometric functions. In |I[ the complete spectrum of quasinormal modes of all 
integer spin fields in the BTZ background was obtained and they were shown to agree 
with the prediction from AdS^/CFT2. The aim of this paper is to generalize this 
result to the case of arbitrary half integer spins. Thus the BTZ black hole is perhaps 
the only example of a black hole in which spectrum of excitations of arbitrary spin 
fields can be completely solved in closed form. In fact classical string propagation 
in the BTZ background is shown to be integrable . All these observations suggest 
that it is possible to obtain the complete spectrum of string excitations. 



- 1 - 



Arbitrary massive half integer spins in 3 dimensional backgrounds are present in 
all examples of AdS'i/ CFT2 that occur in string theory. A prototype example of this 
is the D1-D5 system and the corresponding BTZ black hole 0. Arbitrary massless 
half integer higher spins also occur in the supersymmetric versions of the AdS^/CFT2 
duahty proposed by Gaberdiel and Gopakumar which has recently been studied 
in Let us briefly recall the AdS^/CFT2 dictionary regarding a field of spin s. 
AdSs/CFT2 duality relates a spin s field propagating in AdS^ to an operator O in 
the dual conformal field theory characterized by conformal weights {hi, hp-) with 

hR-hL = ±S. (1.1) 

The mass of the propagating field m is related to the conformal dimension of the 
operator O which is given by 

hR + hL = L (1.2) 

When the conformal field theory is at finite temperature it is dual to the BTZ black 
hole. Then the poles of the retarded two point function of the operator O are given 
by the quasinormal modes of the spin s field 0, ||, 3 . The two point function of the 
operator O is determined by conformal invariance. The poles of the retarded Green's 
function in the complex frequency plane are then given by |jlO|, |^ 



ul = k - 4:7riTL{n + Hl), ur = -k - A-KiTnifi + Hr). (1.3) 

Lo and k refer to the frequency and momentum respectively and n = 0,1,2,.... 
The L R subscripts denote left and right moving poles T^^Tr are the left and right 
moving temperatures of the CFT which are related to the temperature and the 
angular potential of the BTZ black hole. In [|l| we have verified this prediction for 
arbitrary integer spins by explicitly solving the wave equations of the higher spin field 
and obtaining their quasi-normal modes. In this paper we solve the wave equations 
of arbitrary half integer spins in the BTZ background and obtain their quasinormal 
modes. It will be shown that the quasinormal modes coincide with the location of the 
poles predicted by the AdSzlCFT2 correspondence given in ( |1.3| ). Thus this work 
completes the analysis begun in |]l| . It is indeed remarkable that the wave equations 
of arbitrary spins can be solved in closed form for the BTZ background. 

An interesting property of quasi-normal modes discovered recently, is that the 1- 
loop determinant of the corresponding field can be obtained by considering suitable 



products of the quasi- normal modes |Tll]. We show that by considering suitable 



products of the quasi-normal modes of the half integer spin fields we reproduce the 
one loop determinant constructed by integrating the heat kernel in thermal AdS^ 
found by group theoretic methods in . 



The organization of this paper is as follows. We will first review the description 
of higher spin fermions in AdS^. This will enable us to introduce the notations and 
the conventions we use in this paper. In section 3 we will show that the equations of 
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motion of arbitrary half integer spin fields in the BTZ background can be simplified 
and solutions can be found in closed from in terms of hypergeometric functions. This 



generalizes the work of |T^ which solves the wave equations for the s = 1/2 case. 
Once the solutions have been found we extract their quasi-normal modes and show 
that it agrees with that given in ( |1.3| ). In section 4 we write down the one-loop 
determinant for the higher spin fermions in terms of products over the corresponding 
quasi-normal modes and show that it agrees with that evaluated by group theoretic 
methods. Appendix A contains some details about the geometry of the BTZ black 
hole and the properties of Laplacians of higher spin fermions. Appendix B contains 
the proof an identity which is required in our analysis of the wave equations for the 
higher spin fermions. 

2. Description of higher spin fermions in AdS^ 

The massive higher spin fermion fields with s = n + ^ are realized by completely 



symmetric tensors of rank n, ^E^^ij/^a-.-Ain- They satisfy the following equations |T^, 



[r^V,-m„]vl>^,^,...^„ =0, (2.1) 
V'^*^^,..^^ = 0, (2.2) 
r^^^,,...,„ = 0. (2.3) 

Here ^/xi,;i2 - Mn is a two component Dirac fermion which is totally symmetric in the 
indices /ii, /i2 ■ ■ ■ /^s- The mass of the spin (ri + |) field in AdS^ is denoted as m„. It 
is usually written as the following sum 



mn=(^n-^^+ M. (2.4) 

where the first term is due to the curvature of AdS^ and M is the actual mass of the 
field. Here we have set the radius of AdS^ to unity. The curved space Dirac matrices 
obey the Clifford algebra. 

{T^,T,} = 2g^,. (2.5) 

Here the is written using the vierbien (e^) by = 7"e^. We use the mostly 
+ convention for the metric Qfj^^i, and n^v^a G {0, 1,2}. The covariant derivative is 
defined as 

-VP M/ \E' 

where F are the Christoffel symbols and o;^* refer to the spin connection. Equation 
( p.3|) and ( p. 51) also imply 

g''''^,,,...,r. = 0. (2.7) 
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One important fact of higher spin fermionic fields in AdS^ which will be impor- 
tant for our analysis is that the Dirac equation (|2.1| ) and the gauge condition (|2.2| ) 
is equivalent to the following first order equation together with the traceless 
condition ( |2.3|) for m 7^ 0. 



where 

= i^r^r^^-r'^r^), (2.9) 

The second line of the above equation is obtained by using the relation in ( |2.5|) . 
Similarly 

r^'^p = ^(r'^r'^r'' - r'^r^r^ + et. cyci), (2.10) 

where again we have repeatedly used ( p.5| ) to obtain the second line. Note that for 
n = 1 the equation in ( |2.8| ) reduces to the Rarita-Schwinger equation for the grav- 
itino. We shall now show that the covariant gauge condition ( p^.2| ) is automatically 
implied once we have ( p. 81) and (|2.3| ). Using ( p.lO|) in ( p.8D and contracting with 
we obtain 

r^(r'^r^r^ - g^^-^r^ - g'^^rf^ + g^^nv.^p,,...,^ + mr^(r'^r^ - gn'^u.^.-.^n = o. 

(2.11) 

Using the fact T^T^ = 3 we get 

[fi^'^^P,......) + V''vl/,^,...,J + 2mr'^M/,^,...^„ = 0. (2.12) 

Imposing the tracelessness condition ( |2.3| ) results in 

V'vl/,^,...^,, = 0, (2.13) 



for m 7^ 0. We will now show that the equation ( p.8| ) is equivalent to ( p . 1|) when 
we have tracelessness ( |2.3| ) and the gauge condition (|2.13| ). Using ( p.lOp in ( |2.8| ) we 
obtain, 

(r^r-r'' - g'^'^r^ - g'^^r'^ + g^^nv^^p,,...,^ + mim" - gn^^u^^..^^ = 0. 

(2.14) 



In the first pair of parentheses, the first three terms do not contribute because of (|2.3| ) 
and ( p.l3| ) respectively. Similarly the first term in the second pair of parentheses do 
not contribute due to (|2.3| ). Thus on multiplying by (yf^^^ we obtain 

y^MiP2...p„-"^*m/.2.../.„ = 0. (2.15) 
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This is clearly equivalent to with the following relation between masses. 



m = rrin- (2.16) 

For definiteness we will take m > and it will be seen subsequently that this leads 
to the situation with — = s. The analysis can be carried out for the case with 
m < and it will lead to the situation with — hji = —s. 

Note that using ( p.9|) and ( p.3|) the Chern-Simons like equation in ( p.8|) can also 
be written as 

g^.T>''''V.^p,,...,„ - mM/.^,...^„ = 0. (2.17) 



As a final consistency check we show that ( p.l7|) agrees with the symmetry of the 



tensor. The above equation must be symmetric under the exchange of a and /i2- 
This equivalent to saying 

e'^^^-^g^^T'^'^PV.^p,,...,^ = 0, (2.18) 
should be true. Let us examine the RHS of the above equation 



c y ^ pp.2... pin- 





In the second step we have used similar manipulations as those used in simplifying 



(m. 



The BTZ black hole is obtained by identifications of AdS^ IT^]. Thus it is locally 
AdS^ and the above analysis for the equations of motion for the fermionic higher spin 
fields in AdS^ can be carried over to the BTZ background. We will use the following 
metric for the BTZ black hole 

ds^ = _ sij^h^ ^dxl + cosh^ ^dx^_. (2.19) 

The horizon is at ^ = and the boundary is at = oo. The relation between 
these co-ordinates and the conventional co-ordinates is reviewed in Appendix A. The 
appendix also lists other properties of this background which will be used in the 
paper. We will use the following convention for the flat space Dirac matrices 



7° = 7^ = a\ 7^ = a^. (2.20) 

where cr's refer to the Pauli matrices The vierbein for the BTZ metric in (|2.19|) is 
given by 

Cq = — smh^dx^, ei=d^, 62 = cosh^(ix_. (2-21) 
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The spin connection is given by 



C0+ = -uf[^a,lb] = --coshea^ (2.22) 
1 i 

ojf = 0. 



3. Solving higher spin fermion equations 

In this section we solve the fermionic higher spin equations (|2.1| ) in the background 
of the BTZ black hole and obtain their quasi-normal modes. Our strategy will be 
the following: Note that due to the traceless condition (|2.3|) we can restrict our 
attention to components of the higher spin fermion whose indices lie along the + and 
— directions. The tracelessness condition ( p.3|) for the BTZ metric in ( p.l9| ) is given 
by 

from which we obtain 

1 1 

From the above equation it is clear any component with whose indices lie along 
the radial coordinate ^ can be expressed in terms of components along + and — 
directions by the repeated use of ( |3.2|) . The next step in our analysis which is 
carried out in section 3.1 consists of showing that the spin-(n + |) Dirac operator 
on components with indices only along + and — directions reduces to that of the 
spin i Dirac operator but with a mixing 'mass matrix'. This property is similar 
to the observation seen for the bosonic higher spin fields in [|T| where the spin s 
Laplacian reduced to the scalar Laplacian with a mixing mass matrix. In section 3.2 
the equations are diagonalized and solved in terms of hypergeometric functions up to 
a constant which depends on the polarization of the higher spin component. We then 
show that all the polarizations can be related to a single constant using ( p. 17 ). In 



section 3.3 we determine the quasi-normal modes and show that they coincide with 
the poles of the corresponding two point function as expected from the AdS^/C FT2 
correspondence. 
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3.1 Reducing the higher spin Dirac operator to the spin | Dirac operator 

The action of the Dirac operator ^ on fj.j^^2 -4J.pi^ii'2- -i^q is given by 

= r^(9^ + i^fj)^ fJ,^^2■■■^J.pVlV2■■■Vq 

— FMff »? X]/ _L f Vl/ _L . . . _L f'? Vl/ 

+ f ^ + f Vl/ _L . . . _L f Vl/ 1 

^ ^ fliyi ^ Hl/J.2---/J'pV'^2---'^q ' ^ IIV2 ^MlM2---Mpi^l'7!^3-i^g ^ ^ ^ f^Uq ^ fJ.i...fJ.piyiU2...Ug^ir])- 

(3.3) 

As we have argued earlier it is sufficient to examine the components with indices along 
the + and — coordinates. Therefore we choose /xi ■ ■ ■ /ip = + ■ — h and ui - ■ - Ug = 
— We also introduce the notation '(p)' to mean p number of + indices and by 

we mean '(g)' number of — indices with p + q = n. For example consider a spin-y 
field with n = 5 then 

^(2)(3) = ^++-— (3.4) 

Note that the operator occurring in the ffist term of ( p.3|) is same as the Dirac 
operator ^ acting on the spin-| object \E'. We denote this as A\l'(p)(q). Let us define 

■^A'lP)!'?) /i/ii ^ W2.--Aip!^ii'2.-.i'<j ^ iiij.2 ^ /^■iVI^3 - /^p'^ii^2- -i^q ^ ^ fifip ^ t^i...t^p-ir]uiU2...iyq 

A.rv \u A_fv^ I L f*? vT/ 

' ^ /ii/l ^A«lM2---Mp'?!^2---i^g ' ^ fll/2^ t^lfJ-2---fJ-pl^lV'^3---'^q ' ' /^J/^ ^ fil 

Thus with these notations and definitions we have 

^^(P)w = A^(p)(.)-rM^(p){.)- (3-6) 



(3.5) 



where the ffist term is the ordinary Dirac operator and the second term of (|3.6|) is 
given by 

=7^^C(p)(g) + ^""h^-^+WW + ^^^^^^-(P)^'')- (3-7) 

We will now evaluate each of the components of ^'s explicitly: We begin with the 
component ^5(p)(f,) which is given by 

A{p){g) = P^+^+{p-^){g) + ?r^_*_(p)(g_i), 

= (pcothe + gtanhO^(p)(g). (3.8) 
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Evaluating A^(p)(q) leads to 

^+{p){q) = P^l+'^viP-mq) + ?r+_^^(p)(g-i), 

= pf^+^5(p_i)(g) = p cosli^sinh^^^(p_i)(g), 

1 1 

= -P7S°cosh^^(p)(g) -p7S^sinh^^(p_i)(g+i). (3.9) 

To obtain the last line in the above equation we have used the condition (|3.2| ). Finally 
A-(p)(q) is given by 

= gfl_^5(p)(g_i) = -gcosh^sinh^^'5(p)(5_i), 

= -gcoshesinhe(-7S°— ^^+(p)(g-i) -7'7'^^^^^-(p){g-i)), 

= g7S°cosh^^(p+i)(q_i) + g7S^sinh^^'(p)(g). (3.10) 



Again we have used the condition (|3.2| ) to obtain the last line. Substituting 
]9D and ( p.lOp in (|3.7|) and using 7^7^72 = 1 = — 727I7O obtain. 



rM^(p)(5) = + - (3.11) 

Thus equation ( |3.6| ) reduces to 

^^(P)(<?) = ^^(P)(<?) + P^(P-i)(</+i) + ^^(P+i)(g-i)> 
or = A^(p) + (s -p)^(p+i). (3.12) 

In the second line we have suppressed the label {q) with the understanding that we 
will always have p + q = n. Thus we have reduced the action of the higher spin 
Dirac operator to that of the ordinary Dirac operator together with a mixing 'mass 
matrix'. 

3.2 Solutions of the spin-(n + |) components 

Substituting ( ^.12| ) into the Dirac equation equation ( |2.15| ) we obtain 

A^(p) + + (s - p)^(p+i) - m*(p) = 0. (3.13) 

This can be written as 

AvI>(p)-M(,")vl/(^) = 0, (3.14) 
with the [n + 1) X [n + 1) matrix, Mpr defined as 

M^r^ = -p5p^l,r - (-5 - P)5p+l,r + "^^p,r- (3.15) 

Note that this is a closed equation for the components of the tensor with boundary 
indices as + or — . It is basically n + 1 coupled Dirac equations. In this section we 
will obtain the solutions for these components explicitly. 



- 8 - 



Diagonalization of the mass matrix 

The first taslc is decouple the equations in (|3.14|) or in other words diagonalize the 



matrix Mpr\ Following the method developed in we consider the linear combina- 
tion 

P 71— p / \ / 



%] = l.l.(-irr (3.16) 



a=0 6=0 

We can also express \l/[p] as, 

s 

^bl = E^i?^W- (3.17) 
The transformation matrix Tpq^ is defined as follows. Consider the polynomial, 



n p n-p 

unf-' = EE(-i)'(") ("7)-'"-°-". (318) 



g=0 a=0 6=0 

this can be rewritten as 



J^'^m^' = (^ + ^y(^ - (3-19) 

Thus Tpq^ is the coefficient of x'^ of the function above. A formal expression for Tpq^ 
can then be obtained by a Taylor series expansion and be expressed as a contour 
integral. 

T(,") = — ^-^(x + l)-(x-l)--. (3.20) 
The transformation matrix T*^") obeys the following identities 
Identity 1 : 

s 

5^T^(;)tW = 2%,. (3.21) 

This identity has been derived in Appendix C of We also have 
Identity 2 : 

(T(n)MW[T(")]-i)^^ = {n-2p + m)5pq. (3.22) 

i.e., T'^^'^M^"^ [T*^")]"^ is diagonal. The proof of this identity is provided in Appendix 
^ Substituting for \l/(p) in terms of \l/[p] and using ( |3.22| ) we obtain the following 
set of decoupled Dirac equations 

A^[p]-(m + n-2p)^[p] = 0. (3.23) 
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Since this is just a set of Dirac equations, they can be easily solved using the solutions 
of |]13], 0. We first substitute the following ansatz for the two components of the 
spinor 

^—iik+x^+k—X" ) 
r(1.2) _ e ^ + „/,{1.2), 



(3.24) 



W Vcosh^sinhe W 
in the equation ( |3.23|) . Note that with the definition of and x~ given in ( |A.3| ) we 
see that the frequency and momenta of these solutions are related to and k_ by 

+ A;_)(r+ - r_) = w - fc, {k+ - k^){r+ + r^) = to + k. (3.25) 

Substituting ( p.24| ) into the decoupled Dirac equation (|3.23|) reduces the equation to 

:^[p] - (m + n- 2p)^l)^-\ = 0. (3.26) 

Ollili C, UUOli c 

We then substitute 

.... ^^^^^^ 



la I ; 2 



1p] ^ "^H 

in ( p.26| ) which leads to the following equations 



1 - tanh^ O-'^Vlitanhe {i^S? ± ^[If ). 



'(1) 
[p] 



/(2) 

1p] 



z(A;+ + k-) — m — n + 2p+- 
—i{k^ + k_) ~ m — n + 2p + 



/(2) 



'(1) 



(3.28) 

The solutions of these equations which obey the ingoing boundary conditions at the 
horizon are 



^j(2) ^ rfj^j^M_^,«+i/2(i _ ,)/^blF(a[,], + 1, C[,] + 1; ;^) 



(3.29) 



C[p] 



where a = — = |(m + n — 2p — |), C[p] = | + 2a, and 

2 



- ^ 1 

+ (3[p] + 



2i 



2i 



+ Ap]- 



Defining e\^T^^ as, 



.(1) 
1p] 

1P] 



d 



[P]- 



[P]- 



. Q[ p] - C[p] 
C[p] 



(3.30) 



(3.31) 



the solutions (|3.29|) become 



,(1) 



1p] 

/(2) 

[P] 



1P] 

,(2) 
1P] 



^"+1/2(1 _ ^)/3biF(a[p], + 1, C[p] + 1; z). 



(3.32) 



Note that the two components of ip'r i are determined completely up to the constants 



,(1,2) 
1P] 



1p] 

which we call the polarization constants. 
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Behaviour of the solutions near the boundary 



We shall take a look at the behaviour of the solutions near the boundary, z — j- 1. 
This will enable us to fix the conformal dimension A of the field. 

Expanding the solutions ( |3.32|) near z — )■ 1 and using ( p.24| , |3.27|) we have the 
following 

V1/+ ~ei(l-^)^f-t+^ (3.33) 
^- ~ X)i(l - z)i-f -t+P + 2)2(1 - z)5+f +t+P. (3.34) 

Here Ci, Di and D2 are constants. For definiteness we will take m > 0. Thus the 
most singular behaviour near the boundary is given by 

vl/,,...,„ ~ (l-2;)2+ir-^, (3.35) 
~ i*^, r — 7- 00, 

where 

S=(l-m-n). (3.36) 

Here we have re-written z in terms of the co-ordinate z which is related to the radial 
co-ordinate r by 

z=-. (3.37) 

r 



The reason for this is that asymptotically near the boundary the BTZ metric ( p.l9| ) 
reduces to the following AdS^ metric 



ds"^ = ^i-dt^ + d(p'^ + dz^). (3.38) 

z^ 



ii, - ■ - in denote the boundary co-ordinates. Note that using the condition in ( p.2|) it 
is easy to see that that any component involving the radial co-ordinate is suppressed 
compared to the boundary components as r or ^ — )■ 00. The conformal dimension A 
of the dual operator can then be obtained from the coupling of the boundary value 
of the spin s field to the corresponding operator which is given by 



/ 



d^xO'--'"<i/i^,...i„. (3.39) 



From conformal invariance we obtain the following expression for the conformal di- 
mension of the dual operator 

A = 2-5-n = l + m. (3.40) 
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Finding the polarization constants 

(1 2) 

Our next task is to find the coefficients e^j . Note that from the definition of these 
constants in ( |3.31| ) we see that their ratio is given by 

(2) 

!bl ^ (3.41) 

Therefore it is sufficient to determine e^p The Chern-Simons hke equations in ( ^.17| ) 
relate the various polarization constants. We will show that using the Chern-Simons 
equations and the condition (|3.2|) it is possible to determine all the polarization 
constants in terms of a single constant. Since these are constants, it is sufficient to 
examine the equations and the functions near the horizon. To begin let us recall the 
following relation 



± < - ^/iSI^W'S' ^ ^;J(>)e-<'----.. (3.42) 



Near the horizon z — )■ we have 



cosh^isinhe^, 1 f.^Vl^oiz)]. (3.43) 



cosh ^ sinh ^ z^/^ \ 2 
Thus the near horizon behaviours of the solutions are 



~ e\%'''e-'^''+'^''''-''~\ (3.44) 



(1 2) (1 2) 

here [p] = 0, 1, 2, ■ ■ ■ , n. Note that ^[^p is a linear combination of \E'jpj which is 

,{1,2 



given in ( p.lTI) . This implies that the behaviour of \E'/^^^■* near the horizon 2; — )■ are 



given by 
with 

and a similar relation for the second component of the polarization. We will see 
subsequently that we will obtain closed equations for the polarization e|pj which will 
be sufficient to obtain all the polarization constants in terms of a single one. In order 
to obtain the behaviour of ^^^/v ^ we consider the tracelessness condition 

T'^^.i.M = 0- (3.48) 
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This results in 

From examining the leading terms in the above equation near the horizon, 2; — )■ we 
obtain 

„(1) ^a'-l/2^-i(k+x+k-x-) 



(1,2) 



Thus the behaviour of ^^(p)(g) near the horizon is 

Vl/(1) ^ a'-l/2 -j(fe+x+A;_x-) ^(2) ^ (2) a' -i{k+x+k.x-) c;i ^ 

where 

^^(rtW ~ ^^(p)^) ~ ^^+(p)(g) ^ ^-(p)(g)^- ^"^-^^^ 

To obtain a closed set of equations for e2(p)(g)- we will need to find the relation 

between e^(p)(g) and e^^lp^g)- For this we consider the ' — {p){qy component of the 
Chern- Simons equation 

r_''^V^^p(p)(^) = m^_(p)(g). (3.53) 
Expanding this equation and rearranging terms we obtain 

'9+^«(p)(?) - 2yj(l - z)a2*(p+i)(g) +py5^(p_i)(g+2) + gv^^(p+i)(9) 

1 



2^/^^^°^^«(p){9) = (3.54) 

The tracelessness condition ( f^.T] ) was used to simplify the above equation. Near the 
horizon the leading terms in the above equation reduces to 

^+^C(p)('?) - 2v^(l - z)9^^(p+i)(g) +pv^^(p_i)(g+2) + gy2^(p+i)(<j) 

-^^°^^?(P){9) = "^v^^(p)(g+i)- (3-55) 

We now examine the '1' component of the above spinor equation. Using ( |3.46|) , ( p.51j ) 
we see that near the horizon z — )■ 0, the leading terms in the above equation is of the 
order z"'^. Since the equation must hold to the leading order we have the equality 

-^^+4;P)(.)^""'^' - 2v^^.(eS;ii)(,)^"') = 0. (3.56) 
This results in the following relation 

We now have sufficient information to find the closed set of equations for the e^^Jy 
We consider the '^(p)('3')' component of the Chern-Simons equation 

^?55r«+-(V+^_(p)(,) - V_^+(p)(,)) = m^5(p)(,). (3.58) 
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Writing this explicitly by expanding each term we have 

- - 2 sinhea2'^+(p)(g) - ^— = -^^^^Wfa)- (3-59) 

Examining the '1' component of the equation in ( p.59| ) near horizon z — )■ 0, we see 
that the leading terms go as ~ z". Requiring the leading terms to satisfy the equation 
in ( p.59| ) we obtain 

i-L (1) a' _ (1) a' _ _ (1) a' 

Now using the ( |3.57| ) and g = n— p— Iwe obtain the recursion relations 

These are a set of n equations for the n + 1 variables. Let us define the 'recursion 
matrix' (7,-"'' as 

C*,? = {n-j- l)Sj+2,i + (-m - ik.)6j+i,i + (j + ik+ + (3.62) 
Note that j runs from — 1 to and / runs from n to 0. Thus we can write the 



recursion relations in (|3.61| ) as 



n-l 



J^^ffe^i^^ =0, for J = 0,1, 2,..., n-l. (3.63) 

1=0 

This is same recursion relation for the polarization coefficients obtained in for the 
higher spin bosonic case with following replacements 

s — J- n, m — )■ — m, ik^ — )■ ik^ + -. (3.64) 



From |1[ we see that the recursion relation is easily solved by the change of basis to 

,(1) 

Identity 3: 



the polarization coefficients e[V. That is we have the identity 



(3.65) 



3 1 

(2j - n + - - m + i{k+ - kJ))5j+i^i + {2j-n + -- m- i{k+ + k^))6j^i. 
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The proof of this identity can be obtained using the same method as that of Identity 
3 in [0] but with the replacements given in ( p.64| ). Now performing the change of 
basis in the recursion relations given in ( p.63|) using the transformation in ( |3.47| ) we 
obtain 

3 1 
{2j-n+--m + i{k+ - A;-))e[j|i] + (2j - n + - - m - i{k+ + k_))e^^^ = 0. 

(3.66) 



From this we get 



(1) _ 2] - n-l + m-i{k^-k_) 
""^"-■'1 23-n-\ + m + t{k+ + k^) ""f^-'+il' ^ ^ 



One can then write all the coefficients in terms of Cj^j. 



(1) -f ^y/T^ 2j-n + i + m-z(fc+-fc_) (1) , . 



^J-^2j -n + l + m + i{k+ + k_) 



We can now solve for the polarization components ^[J-jy From ( p.31| ) which deter- 



mines the ratio between the eP'' and eP'* ., we obtain 

[n-j] [n-j] 

_ a[n-j] - cin-j] _ 2i-n + m-\ + i{k+ + k. 



(3.69) 



e[^^ , C[n-j] \-ik+ 

Substituting ( |3.68| ) in the above equation we obtain 



^^^2u — n — }: + m + iik+ + k. 



Note that Cj^j is also determined in terms of Cj^^j by ( |3.69| ). Thus all polarization 
constants are determined in terms of a single constant. 

3.3 Quasinormal modes 

We can now substitute the values of the polarization constants and obtain the final 
form of the the solutions ^"^^ ^[i-j]' '^'^^^^ given by 



W 2u-n + ^ + m- i{k+ - k^) ^ji) 
' ' 2u-n + ^ + m + i(k+ + k_)^^''^ 

X 2;"(1 - z)'^i"-^iF(a[„_j-],6[„„j-],C[„_j]; z), (3.71) 

/(2) _ ( ^^ J S 2M-n+| + m- i{k^ - fc-) ^(2) 



u=0 



X ^"+1/2(1 - ^)^i"-iF(a[„_,], 6[„_,] + 1, C[„_,-] + 1; ^). (3.72) 
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To obtain the quasi-normal modes we need to impose the vanishing Dirichlet con- 
dition at the boundary z — )■ 1. For the case m > 0, the dominant behaviour of the 
solutions near the boundary is given by 

r 1 v? TT ~ ^ ^ ^ ^ ~ ^'-^^ ~ ^'-^ w 



2u-n+^ + m + i{k+ + /c_ 

^ ^ r(a„_,)r(6„_,) 



(3.73) 



/(2) _ ^ 1 TT 2-» - + I + m - z(A;+ - ^(2) 
„2u — n — i + m + i(A;+ + ' 



r(a[„_j])r(6[„_j] + 1) 

We can obtain the quasinormal modes by requiring that the coefficients of these 
leading terms vanish. Note that 

a[„_j] = a[„] + j, (3.75) 

From this we have 

r(a[n-i]) = T{a[n]+j), 

= r(a[„]) W{a[n] + m), 



r(aM) 



M=0 

i-1 



2J 

u=0 



1 

W{2u-n+ - + m-i{k+-kJ)). (3.76) 



The product ni=o(2'^ — n + | + m — z(A;+ — A;_)) exactly cancels the numerator of 
the coefficient in ( p.73| ) and ( |3.74| ). Thus the behaviour of the solutions near the 
boundary reduces to 



/(I) ^ (-2)-^ (1) 

'""'^ ~ nl=o 2n - n + I + m + i{k+ + k^f^""^ 



X (1 - ^)-/3[n-.l r(q«-j])r(Q[n-i] + &[n-j] - C^n^j]) ^ ^^^^^^ 
;'(2) (-2)-'' (2) 

'"^'^ ni=o2^-^-i+^ + ^(A:+ + A;_) 

X (1 - ^)-/5[n-.l r(qn-j] + l)r(a[n^j] + h^n-j] - qn-j]) ^ ^g_^g^ 

V{a[n])T{h[n-j] + 1) 

The vanishing Dirichlet conditions at the boundary constrain the leading behaviour 
of all components of the tensorial spinor to vanish at infinity. As argued below 
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( |3.38 ) the components which involve the radial coordinate are suppressed at the 



boundary compared to the components which only involved the boundary coordinates 
+, — . Thus it is sufficient to impose vanishing Dirichlet boundary conditions on 
these components. This is equivalent to looking at the common set of zeroes of the 
coefficients which occur in the functions given in ( p.77| ). These are clearly given by 



a[n] = —n and b[o] + 1 = —h, n = 0,1,2, ... . (3.79) 
In terms of A;+ and /c_ these translate to 

i{k+ - k_) = 2n + A - s, i{k+ + k_) = 2n + A + s, n = 0,l,2,..., (3.80) 
where s = n + ^. Thus the quasinormal modes are given by 

UJL = k + 2TTTL{k+ + /C_), 0OR = -k + 2TTTR{k+ - k-), 

= k- 2mTL{2h + A + s), = -k - 2TxiTR{2h + A - s). 



(3.81) 



These coincide precisely with the poles of the corresponding two point function ( |1.3| ) 
for the corresponding spin s field as expected from the AdS/CFT correspondence. 
Reading out hi and we get h^ — = —s, the case h^ — = +s will arise when 
we carry out the same analysis but with m < 0. 

4. 1-loop determinant for arbitrary half-integer spins 

As shown in [ill], the poles of the retarded Green's function can be used to construct 



the one- loop determinant of the corresponding field in the bulk. In |ri|, the one- 
loop determinant for scalars in asymptotically AdS black holes including the BTZ 
black holes was constructed using analyticity and the information of the quasinormal 
modes. This construction was extended to arbitrary integer spins in |jl|. In this sec- 
tion we would like to use the quasinormal mode of the higher spin fermion along with 
analyticity to construct the one loop determinant of the corresponding half integer 
spin field. We will then show that this determinant agrees with that constructed in 
using group theoretic methods. 



4.1 1-loop determinant from the spectrum of quasinormal modes 

Our analysis will follow the method developed in [|1T], |12|. We consider the non- 
rotating BTZ black hole for which the metric is given by 

ds^ = -{r^- rl)de + + r^d<p\ (4.1) 

We then continue the BTZ black hole to Euclidean time together with the identifi- 
cation ^ 

t = -iT, T^T+-, (4.2) 
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and 



T = Th = Tl = '^. (4.3) 



Our goal to evaluate the following one loop determinant of the higher spin s = n + | 
Laplacian 

Z,(A) = det(-V2(s) + M2), (4.4) 

where is the mass shift which occurs on squaring the Dirac operator which acts 
on the higher spin fermion. The result of squaring the Dirac operator is given by 

(y + m„)(y - m^)m^,^,,„^^ = (V^ + (s + 1) - ml) ^^,^,...^„ = 0. (4.5) 

where 5 = 72 + 1. The proof of the above identity is given in Appendix A. Thus the 
mass Ms is given by 

Ml = ml-{s + l). (4.6) 



The basic strategy adopted by |jTT| to evaluate the determinant in (^]^) is to identify 
the zeros of the determinant in the complex A space. Here A is the conformal dimen- 
sion of the corresponding dual operator. This occurs whenever the wave equation of 
the corresponding field has a zero mode and also obeys the periodicity ( ^4.2| ). For the 
case of the spin s field these modes are given by 

ujL = ujL = k-2niT(2n + k + s), ur = ur = -k - 27riT{2n + A - s). (4.7) 

where fi = 0,1,2,... . where k is the momentum along the direction. Thus it is 
quantized and therefore takes values in the set of integers 

A; = 0,±1,±2,.... (4.8) 



Note that for the modes in ( [4.7|) we have considered the situation when > Hr. 
We now define 

ZL = k-2'KiT{2n + k + s), zl = k + 27TiT{2n + A + s), (4.9) 
zr = -k- 2mT{2n + A - s), zr = -k + 2mT{2n + A - s). 

Requiring the quasinormal modes to obey the thermal periodicity conditions due to 
the identification in (|4.2|) results in the following equations 

2mT{n- s) = Zl{A), n > 0, (4.10) 

27TiT{n + s) = zl{A), n < 0, 

2mT{n + s) = zr{A), n > 0, 

27riT{n- s) = zr{A), h < 0. 
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Note that since fi is an integer ^'^/y ^ is half integral moded. These equalities imply 
that when A is tuned to these values, the one loop determinant exhibits zeros. The 
ranges h are chosen so that the quantities 



k - 2-KiT{2n + A) , and k + 2-KiT{2n + A) . 



(4.11) 



when considered together take values 2TTiTn where n assumes values in the set of 
integers. Similarly the range of n for the case of the right-moving quasinormal modes 
is chosen so that the quantities 



-k -2niT{2n + A), and - k + 2mT{2n + A). 



(4.12) 



when considered together take values 2TTiTn where n assumes values in the set of 
integers. Note that these are the same quantization conditions used in [jl| for the 
case of integer spin s. Though we do not have a first principle justification of the 
choice of these ranges we will show that they do indeed lead to the answer evaluated 
using the group theoretic methods given in [|T^. The function which is analytic in 
A and has zeros at the locations (^4.101) is given by 



.Pol(A) 



n 



-s + 

n 
n 



2txT 



s + 



2txT 

iZL 



w H h 

2 2tiT 



1 izR 
f H 

2 27rT 



1 izl 

V ^ — 

2 2'kT 



IZr 



2txT 



(4.13) 



where Pol(A) is a non-singular holomorphic function of A and can be determined by 
examining the A — )■ oo behaviour. The product over zl^ z^, zr^ zr mean the product 
over fc, n occurring in the definition of these variables. The variable v takes values in 
the set of integers. Plugging in the quasi-normal modes into ( |4.13|) and performing 
simple manipulations we obtain 



,Pol{A) 



n 

Af>0,p 



{2N + Af + 



P 



-1 



(27rr)2 
\{({v + 2N + Af 



P 



{2nTy 



(4.14) 



The analysis here is for the case — Hr = s. On performing the evaluation for the 
one loop determinant for the situation with Hr — = —s it can be shown that one 
obtains the same expression as in ( [4.14| ). Since a higher spin fermion obeying the 
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second order spin s Laplacian contains both the modes we need to take the square 
of the expression in ( [4.14|) . Taking this into account and taking logarithms on both 
sides of the ( [4.14| ) we obtain 



p2 



- log = -Pol(A) - 4 Yl log ((^ + 2^ + + (2TrTV 

v>0,N>0,p ^ ^ ' 



N>0,p 

2 , 



Pol( A) - 4 J2 log f (f + 2A^ + A)2 + 

v>0,N>0,p ^ 



{2nTy 

-2 5:iog((2iV + A)^ + ^), 

N>0,p ^ \ I / 

= -Pol(A) - 2 5^ + 1) log + Af + -^"j . (4.15) 

The sums over v and were combined and written as a sum over k, = n + 2N. We 
have also made use of log(a + ib) + log(a — ib) = log(a^ + P). The divergent sums 
can then be extracted and absorbed in Pol(A). We then make use of the identity 
'£p>i log (1 + ^^ = log ^ii^ = vrx - log(7rx) + log(l - 2e-2^^) to obtain 

logZ(,) = Pol(A) - 41ogn(l - g-'^+^)-('=+i), (4.16) 

where, 

q = e^^'^ , f = 2TTiT. (4.17) 



To determine Pol(A) we use the same argument as in [jTT|. Note that taking the 
A — 7- 00 the partition function should reduce to that of the BTZ which is locally 
identical to that of AdS^. This determines Pol(A) to be a function proportional to 
the volume of the Euclidean BTZ black hole. We will not write this explicitly since 
we do not require it in the subsequent discussion. 

4.2 1-loop determinant from the heat kernel 

We now show that the finite term in the one loop partition function (^4.16|) which is 
determined from the product over quasinormal modes agrees with that constructed 
from the heat kernel of the spin s field. The trace of the heat kernel for the spin s 



Laplacian on thermal AdS^ is given by |12 



Tr(e"*^w) = K^'\t, r; t) = V , cos(snri)e-^e-(^+^)*. (4.18) 

^ V47ri| sin^p 

n=l * I 2 1 
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The formula retains only the finite term in the heat kernel and suppresses the term 
which is proportional to the volume of the AdS^. The parameter r is related to the 
temperature of the Euclidean non-rotating BTZ by 

r-^. (4.19) 

We will substitute this value of r at the end of our analysis. The 1-loop determinant 
is then given by 

/•oo Jj. 

-log(det(-V' + M2)) = / -e-^'*ir(^)(r,f;t), (4.20) 

Jo t 

where is given in ( [4.6|) . Substituting the value of Ms we obtain 



2_ 2 



g-M2t^(.). ^ f ; t) = y ^ ' cos(sMri)e-^e-<*. (4.21) 

^ -/47rt|sin— 12 



u=l V " "I " 2 I 

The integration over t can be performed as follows 

^2 

^2 2 J 

t^e " - 

^ Jo t^^'^ " UT2 

Here we have used the relation A = l + m = l + m„ derived in ( p.40 ). Thus the 
one loop determinant reduces to 



1 rJf u'^T^ 1 

g-^Tp-g-^n* = _!_g-Mr2m„ ^ g-Mr2(A-l)_ (4.22) 



oo 



-log(det(-V^ + M2)) = ^^fi£H^e 



'UT2(A-1) 



, M sm ■„ 



oo 



2 (g^" + r") „(A-s). 



. M |1 - g"|2 ^ 



u=l 

oo 



E4 g^" 
. M ( 1 - o" 



(4.23) 



qLL \2 

u=l " \~ ^ 

oo 



= -41og JJ(1 -g^ 

v=0 

where 

q = e^^'^. (4.24) 

In the above manipulations we have also used the fact that r is purely imaginary for 
the case of the non-rotating BTZ black hole which results in g = g. Thus we obtain 

oo 

logZ(,) = log(det(-V2 + M^)) = 41ogn(l - g^+^)-(™+^). (4.25) 

i;=0 

Comparing ([4.16|) and (|4.25| ) we see that the two expressions indeed agree on per- 
forming the modular transformation 

f = --. (4.26) 

r 

which is the expected relation between one-loop determinants on Euclidean BTZ and 
thermal AdS^. 
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5. Conclusions 



We have solved the wave equations for arbitrary massive higher spin fermionic fields 
in the BTZ background. In this work we focused on the ingoing modes at the horizon 
to obtain the quasi-normal modes, but the analysis can be easily extended for the 
outgoing modes. This will lead to the complete set of modes for the higher spin 
fermion in this background which is the starting point for its quantization. This can 
be useful for studying fermionic emission by Hawking radiation on similar lines as 



1^. It will also be useful to find the exact prescription to evaluate the retarded 
Green's function for higher spin fermions extending the work done for the spin 1/2 
and spin 3/2 cases in [|l^ and |2^ respectively. 

From our discussion of the wave equations for massive higher spin fermionic fields 
it is clear that other properties like the bulk to boundary propagator for these fields 
can also be solved and obtained in closed form. These are important tools to study 
the general AdS^/CFT2 correspondence and it is useful to obtain them. Finally the 
work in this paper and that related to massive higher spin integer spins in and the 
observation that classical string propagation in BTZ is integrable suggests that it 
is possible to quantize strings in the BTZ background. 
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A. The background geometry 
The BTZ black hole 

The metric of the BTZ black hole is conventionally written as 




(A.l) 



Here r+ and r_ are the radii of the inner and outer horizons respectively, r is the 
radial distance and t labels the time. The angular coordinate (f) has the period of 
27r. We will work with units in which the radius of AdS^ is unity. The left and right 
temperatures are defined as 

TL = ^(r+-r_), TB = -l(r+ + r_). (A.2) 
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A convenient coordinate system for our analysis was discovered by . We first define 
the coordinates 



X 



z = tanh ^ 

= rj-t — r^(h. 



^2 

9 2~ ' 



X 



(A.3) 



Note that in these coordinates, the range of r from r+ to oo is mapped to 2 = or 
^ = 0to2; = lor^ = oo respectively. In these coordinates, the BTZ metric given in 
( |A.1|) reduces to the following diagonal metric 

ds^ = dC,^ - sinh^ ^ dx^ + cosh^ ^ dx^_ . ( A.4) 

This form of the metric is used in our calculations and we will briefly list its various 
properties. The non-vanishing Christoffel symbols of the metric in ( [A.4| ) are given 
by 

'Z -f: x/Z 



f1 



= cosh ^ sinh ^ 
coth^ 



1-z' 



= — cosh ^ sinh ^ 
tanh^ = 



1-z' 



The metric and its Christoffel symbols obey the following identities which will be 
useful in simplifying the higher spin equations in the next sections 



-g = cosh ^ sinh 



9^ 



9— 



l~z 
— tanh^ = — a/J , 



'-9 



coth,^ = —= 

'z 



--d., 



vpJ 



-.dp 



9 J- ±± + J- g± 



'-9 
1 

coth^ : 
tanh^ 



-99^^K 



26; 



where 6p„ is defined as 



1 for p, 0" = ± and p = o", 
otherwise. 



(A.5) 
(A.6) 

(A.7) 

(A.8) 
(A.9) 
(A.IO) 
(A.ll) 

(A.12) 



The BTZ black hole is obtained by identifications of AdS^ |T^. Thus it is locally 
AdS^ and therefore its curvature obey the following relations 



R 



9aS9M ~ 9a-t9l3S, 



G 



9fj.v- 



(A.13) 
(A. 14) 
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In 3 dimensions, the Riemann tensor further obeys the following relation 

Rap^6 = eo^ppe^SaiR''' - ^Rgn, (A. 15) 

Here G^" is the Einstein tensor and the epsilon tensor is defined as 

e"^^ = -^, = (A.16) 

where, 'e°'^'^ is the completely antisymmetric Levi-Civita symbol. The epsilon tensor 
in 3 dimensions satisfies the relation 

^P^^aSa = —{gpsgpa " dpadps)- (^-17) 

Now using the definition of the flat space gamma matrices given in ( 2.20I ) and the 
vierbein in (|2.21|) it is easy to see that the the curved space gamma matrices satisfy 

[r^, r^] = 2e^''%, r'^r^ = 3. (a.is) 

Relation between and in AdSs 

To establish the relation between the spin s Laplacian and we start by considering 
the action of ^ on the object \I//xi^i2...Mn- 

y ^ PlP2---Pn ^ ^ ^ p ^ piP2---Pn} 

2I ' I ^ P ^ PlP2---Pn ^ ' \ ^ P^ pip2...pn1 

= V'^p,p2...p. + ^[r^n[V^, V.]M/^,^,...^„. (A.19) 
Thus, we require to evaluate the second term in the above expression. 

= — RpVa5\^^,^''W,^ p^P2...p,^ 

I 1 rp^t pt/T r?a / D ^, , pr? j , /?'? vl> 

T^^L-^ 1^ \y {-^^Oipil/p"^ r]p2...pn ^ '^^ap2I^P l^iVP3---Pn ^ ^ ^apnUp^ Pi P2 ■ ■ -Pn-lV J 1 

1 1 

~'^^PlP2—Pn ~^ '^^PlP2---Pn- (A. 20) 

To obtain the first equality we have used the definition of the covariant derivative 
given in (|2.6|). We then define 



■[^^r][v^,v.]vl>^,,,...,„ 



<3piP2...p. = i^^..4^^^^[^^^^]vl/^,^,...^„, (A.21) 

l^piP2---Pn V- 1^ \y y-^^apivp^ rjp2---Pn ^ ■^^Otp2Up^ pirip3....pn ^ 

~^ Rapnvp^ piP2---Pn-ir]) ■ (A. 22) 
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Let's evaluate ^^^i^j-.-Mn first. 



Q^iii2...fj.n ~ Rij.vcts\^^ 1^ ][r ,r ]\i/^j;x2...At„) 



8(3 ■ 3 - 3)vI/^,^,...^„ = 48 v]>^,^,..^„. 



(A.23) 



In performing these manipulations we have used the indentities in ( |A.17| ) and ( |A.18| ). 
Let's now evaluate %, 



^ 111 112. ■ -fin • 



n 

V Q OLvQ flj ll) ...jlj .. .fin 5 



B ^ ) 



^J.^l...flj...^J.n1 



fj.j...fi„ 5 



111 112 ■■■/In 



(A.24) 



Here we have used the tracelessness condition (|2.3| ) several times to simplify the 
terms. Using ( |A.23|) and (|A.24|) in ( |A.20P we have 



48 



An 



L-L 1 JL^/X) ^ Ui^ fllll2---fJ.n 22 '^l/^2---Mn ^ ^ ^ /llfl2---tln-l 



n + - H/ 



- fllfl2...tln 1 



(s+l)^m/^2...Mn- 



Thus from ([A.19| ) we have 



= (V^ + + 1)) 



I12---lln- 



(A.25) 



(A.26) 



B. Diagonalization of the mass matrix: Proof 

In this section we will prove Identity 2 (|3.22|) which is given by 



P^{n)rp{n) _ rp{n) £)(n) ^ 



(B.l) 
(B.2) 
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where, Dpg'' = {n — 2p + m)5pq. To arrive at the last hne we have used Identity 1 



( |3.21 ). This is equivalent to showing 



6=0 c=0 6=0 c=0 



Let's start with the LHS of (IB. 31). and define the variable 



X + 1 
X — 1 



Then we obtain 



6=0 c=0 

EMl^)(a;+l)^(x-ir 



6=0 

n 

(^-irE^i?^'' 

6=0 

n 



- 1)" y^[-a(5a-i,6 -{n- a)5a+l,b + ?^5a,6]2:^ 



6=0 



(B.4) 



{x - + l)""^[(m - + 2(2a - n)x - (m + n)]. (B.5) 



We now need to evaluate the RHS. Before proceeding we shall list a few definitions 
and identities which we shall be using. 



Pin,a){x) = E ^ir^^' = + - (B.6) 

6=0 

n 



dP(n,a)ix) ^ („) J 

^^^=E^^a^^^- 
6=0 
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For the RHS we have, 



"be ^ ' 



b=0 c=0 

n n 

6=0 c=0 
6=0 



[n 



a6 ' 



6=0 



= (n + m)P(„,a)(x) - 2x 



6=0 
^^(n,a)(a^) 

dx. 



= (n + m)(x + l)'^(x-l)"-" 

- 2x[a(x + l)''-\x - 1)"-" + (n - a)(x + - 1)"-"-^], 
--{x - + l)"^^[(m - + 2(2a - n)x - (m + n)]. 



(B.7) 



This completes the proof of ( p.22|) . 
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